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Abstract-An identity for the difference between two integral means is obtained in terms of a 
Riemann-Stieltjes integral. This enables bounds to be procured when the integrand is of bounded 
variation, Lipschitzian and monotonic. If f is absolutely continuous, bounds are also obtained for 
f’ E L,[o,b], 1 4 p < 00, the usual Lebesgue norms. This supplements earlier results involving 
f’ E &,[a, b]. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The following theorem was proved in [l]. 
THEOREM 1. Let f : [a, b] -+ W be an absolutely continuous mapping 
f’ E L,[a, b]; i.e., 
VII, := e-&PbI If’Wl < cm. 
Then for a < c < d 5 b, we have the inequality 
with the property that 
1 I-J 
b 
b-a a f(t) dt - -& J I cdf(4du (' + b)/2 - ('+ d)/2 
(b -a) - (d-c) 
[(b - a) - (d - c)] Ilf'll m 
I i [(b - a) - Cd - 41 Ilf’ll, . 
The constant l/4 is best possible in the first inequality and l/2 is best in the second one. 
The work for this paper was done while the first author was on sabbatical at La Trobe University, Bendigo. 
The authors would like to thank the anonymous referee for valuable suggestions in proving the sharpness of 
inequality (2.1). 
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They utilised the identity 
where 
1 b 
--J f@)d~-&/ b-a a cd f (4 du= lb K,d(s)f’(s) ds, (1.2) 
a-s 
I- b-a’ 
ifs E [a,c]; 
(1.3) 
if s E [d, b]. 
It was demonstrated that the Ostr&ski inequality [2], represented by the following theorem, 
could be recaptured by using some limiting procedure. 
THEOREM 2. Let f : [a,b] + W be co&nJous on [a, b] and differentiable on (a, b) and assume 
that 1 f’(z)1 5 M for all z E (a, b). Then we have the inequality 
If(x)--&ilbf(t)dti I [~+(z-~~~)‘2)2] (b-a)M, (14 
for all x E [a, b]. The constant l/4 is the best possible. 
For some generalisations and related results, see the book [3, pp. 468-4841, the papers [l-12], 
and the website http: //rgmia. vu. edu. au/ where many papers devoted to this inequality can 
be accessed on-line. 
It is the aim of the current article to obtain bounds on 
Wf; a, c, d, b) := Wf; a, b) - M(f; c, d), a<c<d<b, (1.5) 
where 
M(f;a,b) := &Jbf(t)d4 
a 
interms ofthe Lebesguenorms Ilf’llp, l<p<oo with f’E&[a,b] implying (1: If’(t)l”dt)‘/P<oo, 
lIp<oo. 
Further bounds on lD(f; a, c, d, b)l will be obtained under less restrictive assumptions than 
absolute continuity on f. Bounds are obtained for f Halder continuous in Section 2, while in 
Section 3 bounds are obtained for f of bounded variation, Lipschitzian and monotonic. 
2. RESULTS FOR f’ E Lp[a,b], 1 5 p < oo 
The following theorem holds (see also [5]). 
THEOREM 3. Let f : [a,b] + W be an absolutely continuous mapping. Then for a 5 c < d 5 b 
we have the inequalities 
b-a [1+(~)q]1’q[~9+l+h’t’]l~q,,f’~,~, (q +1)1/q 
P(f; a, c, d, b)l 5 f’ELp[a,b], llp<co, :+:=I, (2.1) 
where (b - a)v = c - a, (b - a)p = d - c, (b - a)X = b - d. 
Both inequrtlities in (2.1) are sharp. 
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PROOF. From (1.2) and (1.5), we have on using Holder’s integral inequality that 
IW; a, c, 4 b)l I (~iQ,i(a)l’dt)lh,,~‘,,~, llp<oo, ;+:=I. (2.2) 
Now, 
J 
yc 1s - alq ds = (’ --;‘;+l and s” Jb - $3 ds = @ - d)q+’ . 
q+l 
(2.3) 
d 
Further, 
d s-c 
M:= - 
/I 
a-sqds 
c d-c+b-a 
= (b - .;(d - c) 
I[(b - a) - (d - c)] s - cb + adi’ ds 
= b-a-(d-c) 
s (bma)(deec) c s-soiq ds’ 
since b - a > d - c and 
cb - ad 
(2.4) 
Hence, as c - SO < 0 and d - SO > 0, 
M= b-a-(d-c) So d 
@ - a)@ - 4 
(so - s)~ ds + 
I 
(s - so)’ ds 
so 1 
= b - a - (d - c) . (so - c)‘+l f (d - so)‘+’ 
(b-a)(d-c) q+l 
F’urther simplification may be accomplished since 
(c - a)(d - c) 
So - ’ = (b - a)(d - c) 
and d _ so = cd - ‘I@ - d, 
(b - a)(d - c) ’ 
giving 
(d - c)” 
M = (q + l)(b - a) [(b _ a) _ (d _ c)]q [(’ - ‘)‘+l + (* - d)q+ll * 
Thus, combining the expression for M with (2.3) and using (2.2) gives (2.1) after some algebra. 
Now, for the second inequality 
P(f; a, c, d>b)l I s”,“, I&&)I ,/” If’(s)1 ds, 
a 
from (1.3) it is easily seen that Ke,d(S) is a piecewise linear and continuous function. It is negative 
on (a,~,) and positive on (ss,b). It reaches its extremities at c and d. Thus, 
1 =- 
b-a 
c-a+b-d+ (c-a)-(b-d) 
2 I 2 
A simple rearrangement gives the result as stated. 
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To prove that inequality (2.1) is sharp, we note that in the first case we may take f’ so that 
equality holds in Holder’s inequality used in (2.2). For the second branch, if the supremum of Kc,d 
is realised at d and if we consider 
and take the limit as n tends to infinity in (2.1), then we obtain the same quantity (b - d)/(b - a) 
in both parts. I 
REMARK 1. If we take q = 1 in (2.1), then the first inequality in (1.1) is recaptured. 
3. SOME INEQUALITIES FOR MAPPINGS OF HijLDER TYPE 
If we drop the assumption of absolute continuity and allow f to be Holder continuous, then 
the following result is valid. 
THEOREM 4. Assume that the mapping f : [a, b] -+ W is of r-H-H6lder type, i.e., 
If@> - f (s)I 5 w - SIT, for all&s E [a,b], (3.1) 
where r E (0, l] and H > 0 are given. 
Then for a < c < d < b, we have the inequality 
f(t)dt - -& 
(c - CZ)~~.’ + (b - d)‘+’ 
’ [(b - u) - (d - c)] (r + 1) ’ H’ (3.2) 
Inequality (3.2) is best in the sense that we cannot put in the right-hand side a constant less 
than 1. 
PROOF. Write 
and similarly for the second term. 
Then 
I:= & 
J 
b 
a a 
f@)dt- $-Jdf(t)dt 
c 
= 
s 
o1 [f (ub + (1 - u)u) - f (ud + (1 - u)c)] du. 
Using the fact that f is of r-H-Holder type, we have 
/I( 5 /’ If (ub + (1 - u)u) - f (ud + (1 - u)c)l du 
0 
5 H 
s 
o1 lub + (1 - u)o - ud - (1 - u)cJr du 
= H o1 (u [b - a - (d - c)] - (c - a)/’ du. 
s 
(3.3) 
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Now, as b - a > d - c, then ‘zL,-, := (c - a)/((b - a) - (d - c)) E (0,l) and 
s 
’ Iu [b - a - (d - c)] - (c - u)j”dzl 
0 
= 
I 
U”[(c-u)-~[b-a-(d-c)]]Pd~+ ‘[~[b-a-(d-c)]-(c-c#du 
0 I 
1 
=-b-a-(d-c) 
((c - a) - u [(b - a) - (dye c)])~+’ U” 
r+l 
1 
+ b-a-(d-c) 
(u [(b - a) - (d - c)] - (c - a))‘+’ ’ 
r+l 
uo 
= -(b i u) A (d - c) 
(Cc - a) - uo [(b - 4 - (d - 41) 
r+l 
T+l 
(c - a)‘+1 
+ (T+l)(b-u-(d-c)) + (b-u&d-c) 
([b - a - (d - c)] - c + u)‘+l 
T+l 
_ (u. [b - a - (d - c)] - (c - u))‘+l 
[b - a - (d - c)] (T + 1) 
(c - a)‘-+’ + (b - d)“+’ 
= [(b - a) - (d - c)] (T + 1) ’ 
Using (3.3), we deduce (3.2). 
Assume that now, inequality (3.2) holds with a constant K > 0; i.e., 
449 
f(t) dt - -& ’ K * [(b - a) - (d - c)] (T + 1) H’ 
(c - a)‘-+’ + (b - d)r+l 
(3.4) 
Choose fc : [0, l] --+ R, fs(t) = tr, T E (O,l]. Then 
Ifo@) - fo(s)I I It - SIT 7 for all t,s E [O,l], 
which shows that j-0 is of r-H-Holder type with H = 1. 
Now, choose in (3.4) a = 0, b = 1, c E (0, l), d = c + E, E small and such that c + E E (0,l). 
Then we get 
1 (c + q+l - cr+l -- 
T+l 
< K. cp+l + (1 - c - &)‘+I, 
E(T+l) - (1 - E) (T + 1) 
which is clearly equivalent to 
1- (c+&)‘+l-cr+l <K. cr+l+(;L;-q+l. 
- & 
Now, if in (3.5) we let E + O+, then we get 
11 - (T + 1)c’l 5 K [c’+l + (1 - c)‘-+l] , for all c E (0,l). (3.6) 
If in (3.6) we let c + 0+, then we get 1 5 K, and the theorem is completely proved. I 
4. RESULTS FOR THE RIEMANN-STIELTJES INTEGRAL 
The results obtained to date for bounds for differences of integral means assume that f is 
differentiable. That is, f is absolutely continuous. This assumption may be relaxed somewhat 
and bounds on D(f; a, c, d, b) may still be procured. The following lemma holds. 
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LEMMA 1. Let f : [a,b] 4 HQ be of bounded variation on [a, b]. Then 
J 
b 
W; a, c, 4 b) = &d(S) as), (4.1) 
a 
where i&d is as given by (I .3) and D( f; a; c, d, b) is as defined by (1.5): 
PROOF. The proof follows closely that used in obtaining (1.2). The mtegration by parts formula 
is used for Riemann-Stieltjes integrals to give 
(b - a) (d - c> /“f&d(S) df(s) 
=(d-;Jc(a-s)d~(s)+~dio(sr)(d-c)(s-a)]dftr) 
a c 
+ (d - c) 
J 
db(b - s) df(s) 
= (d - c) { (a - s)f(s)]E + SC f(s) ds} + @ - a)(s - c> - (d - c)(s - a)] f(s)]: 
a 
- [(b - a) - (d - c)] 1” f(s) ds + (d - c) 
c i 
(b - s)f(s)]f; + Jdb f(s) ds 
1 
= (d - c) {(a - c)f(c) + /‘f(s) ds} + [(b - a)(d - c) - (d - c)(d - a)] f(d) 
a 
+ (d - c)(c - a)f(c) - [(b - a) - (d - c)] Id f(s) ds 
c 
+ (d - c) 
[/ 
cd f(s) ds - (b - d)f(d) 1 
= (d - c) /“f(s) ds - (b - a) 1” f(s) ds. 
c c 
Division by (b - a)(d - c) p ro d uces (4.1) on noting definition (1.5). I 
The following lemmas involving Riemann-Stieltjes integrals are well known. They are stated 
here for clarity. (See [6], h w ere they were applied to three point rules in numerical integration.) 
LEMMA 2. Let g, w : [a, b] -+ W be such that g is continuous on [a, b] and v is of bounded variation 
on [a, b]. Then the Riemann-Stieltjes integral s,” g(t) dv(t) ‘exists and is such that 
(4.2) 
where V:(u) is the total variation of v on [a, b]. 
LEMMA 3. Let g,v : [a,b] 4 W be such that g is Riemann integrable on [a, b] and ‘u is L-Lip- 
schitzian on [a, b]. Then 
I[,,,,,,1 I LJ,b b(t), & 
with ‘u being L-Lipschitzian if it satisfies 
(4.3) 
for aJl2,y E [a,b]. 
DifferencesBetweenMeans 451 
LEMMA 4. Letg,v E [a,b] + W be such that g is Riemann integrable on [a, b] and v is monotonic 
nondecreasing on [a, b]. Then 
(4.4 
THEOREM 5. Let f : [a,b] + R be of bounded variation on [a, b]. The following bounds hold: 
IW; a, G 4 VI 
Vi(f) --- - II b-a ’ 
for f L-Lipschitzian; 
(4.5) 
for f monotonic, nondecreasing, 
where SO = (cb - ad)/((b - a) - (d - c)). 
PROOF. Using Lemma 2, we have from (4.2) 
(4.6) 
Now, &d(a) = K&b) = &,d(s~) = 0. Further, K&s) consists of straight line segments on 
[a,4 [c,dl, and [d,bl. Th e extreme values occur at c and d. Thus, 
SUP &d(s)1 = m={&d(C)I , I&d(d)l} = max 
.++I 
z, g} 
1 c-a+b-d =- 
b-a 2 
+ c-a-(b-d) II 2 ’ 
which on rearrangement and using (4.6) gives the first inequality in (4.5). 
Now, for the second inequality, we use Lemma 3 and so from (4.3) 
l[&i,.,,,,,l 5 LJO” ,&d(s), d% 
where 
/ b ,&d(s), ds 
(4.7) 
with SO as given by (2.4). This is equivalent to q = 1 in (2.1). The working is repeated since the 
result is the coefficient of Ilf’lloo in (1.1) which is expressed in a different form. Taking q = 1 
in (2.3) and subsequent work we have, on utilising (2.4), 
(b-a)-(d-c) d 
J 
(d - 4 
@ - 4 Cd - 4 c 
is - ‘01 ds = 2(b _ a) [(b _ a) _ (d _ c)] [cc - a>2 + cb - d)2] 7 
and so combining the above results and using (4.7) and (4.8) gives the second inequality. 
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For the final inequality in (4.5), we use Lemma 4 giving from (4.4), for f monotonic nonde 
creasing, 
pfc,d(sl df(s)~ i 1” IKc>d(sN df(s). (4.9) 
Using the properties of &d(s) discussed earlier that K&s) < 0 for s E (c, so) and Kc,d(s) > 0 
for s E (so, b) and zero at a, SO, and b, then from (1.3) 
s,” ,Kc,d(s)l df(s) = lC (E) df(s) + I‘*’ (s + Fc) as) 
E + E) df(s) +Jdb (2) as). 
(4.10) 
+ 
Now, integration by parts of the Riemann-Stieltjes integrals on the right-hand side of (4.10) 
produces, after some simplification, 
J a 
where we have used the fact that f is monotonic nondecreasing to obtain the last inequality. 
Thus, from (3.5), we obtain the third inequality in (4.5) on grouping terms and simplifying. 1 
REMARK 2. From (4.10), we may use the fact that sups+&] IKC,d(S)] occurs at c for s E [a, SO] 
and at d for s E [so, b] to give for f monotonic nondecreasing, 
l[Kc,dk+df(s)~ 5 (z) (f(c) - f(a)) + (z) (f (so) - f(C)) 
+(1-s) (+iV-i(4) (f(d) - f (so)) +
(f(so) - f(a)) + 
= (E) f(b) - (E) f(a)+ C+db-m(;+b)f(so)- 
REMARK 3. If we put T = 1 and H = L in (4.2), then we obtain the second inequality in (4.5). 
It should also be noted that if the parallelogram identity 
2 (x2 + y”) = (ST - y)2 + (cc + y)“, Z,Y E K 
is used, then 
(c - u)” + (b - d)2 
2[(b - u) - (d-c)] = 
(a+b)P-(c+d)P 
(b - a) - (d - c) 
[(bea)-(dmc)] , 
with l/4 being the best constant attained when (o + b)/2 = (c + d)/2. 
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REMARK 4. If we assume that there is a point x E (a, b) for which the function is continuous, 
then we may recapture bounds for the Ostrowski functional 
W)(x) := f(z) - M(f). 
Indeed, if we assume that c = z E (a, b), d = 2 + E, where 2 + E E (a, b), then from (2.1), for 
example, 
IW; 6 f, x + &, b)l 
= M(f;a,b) - 1 E /,“” f(u)du/ 
L (*;;;,q [1+ (b-;Jq] [(E)“‘+ (b~~,&)q+l]l’q,,f~,,p. 
Now, taking the limit as E -+ 0+ gives 
recapturing a result of Dragomir and Wang [ll]. 
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